A hydroelastic problem of flexural-gravity waves scattering by a demarcation be- 
INTRODUCTION
It has been long perceived that inhomogeneous profiles commonly exist in the covers floating on seawater, which usually refer to ice floes in polar regions or some artificial architecture called Very Large Floating Structures (VLFSs). For the ice floes, the inhomogeneity is normally embodied in the natural undulant topography, e.g. refrozen leads, pressure ridges and cracks (see Squire et al. [1] ). While for the VLFSs, which are basically premised on exploiting expansive oceanic spaces, the inhomogeneity is designed intentionally for functional and economical requirements and better hydrodynamic performances.
The inhomogeneous properties will lead to nontrivial results when we consider the interaction between the motion of flexural-gravity waves and the deformation of the covers.
Substantial literatures have proposed opinions for the modeling of the inhomogeneous covers, where the ice floes are often represented by infinite elastic plates with continuous or stepwise changing profiles (e.g. Williams and Squire [2] , Williams and Squire [3] ), and the VLFSs are generally simplified by multiple finite elastic plates with connections (e.g. Xia et al. [4] , Khabakhpasheva and Korobkin [5] ). The study on the hydrodynamic responses of the inhomogeneous elastic plate is a significant topic to improve the knowledge of hydroelasticity.
In this paper, we firstly consider the two-dimensional scattering problem of flexuralgravity waves going across the boundary between two elastic plates, which is one of the commonplaces due to the inhomogeneity. The physical properties of each plate are homogeneous but permitted to be different from each other, as long as the thickness is thin enough to assure that the Kirchhoff-Love plate theory is applicable to approximate the plate deformation. This topic is very similar to the conventional investigations for the crack existing in uniform ice floes. For example, Marchenko [6] studied this problem via the variational method and then employed asymptotic series to discuss the edge waves subjected to parametric excitations. Evans and Porter [7] used both the Green function method and the eigenfunction expansion method to solve this problem, and uniquely they derived two special functions as the fundamental variables, which can denote the reflection and transmission coefficients without complete solutions. Porter and Evans [8] investigated the trapped modes induced by a finite length crack existing in the center of a three-dimensional infinite elastic plate, and compared the results by two analytical approaches. In general, the crack usually occurs in a slowly changing part of an ice floe, thus it is very reasonable to study a uniform elastic plate. For the boundary between two different elastic plates in other cases, slight modifications should be made for the methods employed in the above-mentioned investigations.
The floating covers with continuous profiles can be regarded as a limiting case of multiple thin plates fixed together by built-in connections. The case of multiple plates has ever been studied by Karmakar et al. [9] . After ignoring the evanescent modes of the flexural-gravity waves, Karmakar et al. [9] successfully obtained the wave reflection and transmission in the far field. Under a short-wavelength assumption, the evanescent modes have no impact on the solution given by Karmakar et al. [9] , while it is important for the local responses of the elastic plates according to Fox and Squire [10] . Xia et al. [4] investigated the hydrodynamic behavior of multiple articulated plates, where the connectors were composed of vertical and rotational springs. Squire and Dixon [11] considered the wave reflection and transmission across an ice sheet with periodically and randomly spaced multiple cracks, and a set of discrete periods for the cracks were found so that the waves transmit the ice floe perfectly without reflection. Porter and Evans [12] extended the concise expressions in Evans and Porter [7] for the reflections and transmissions, and subsequently derived an explicit solution for the case of infinite ice sheet with multiple narrow cracks. Kohout et al. [13] carried out a complete calculation for obliquely incident waves with the similar physical model. Different from the literatures mentioned above, the method of Kohout et al. [13] is applicable to the multiple elastic plates with variable properties.
The method of matched eigenfunction expansions will be employed in the present work. It is a fundamental method to fit the potential functions along the matching boundaries. An advantage of this method is that the formulations of the system are possible to be promoted to a generalized case of wave scattering by arbitrary numbers of elastic plates. Applying the method of matched eigenfunction expansions to the case of wave scattering by the group of multiple plates, the challenging difficulty is to have the mass flux and pressure well matched for the boundaries between every two plates. Previous investigations by this method are on the wave scattering by one semi-infinite plate. A prior approach is proposed by Fox and Squire [10, 14] , who defined an error function method and minimized it by the least square technique to calculate unknowns. By introducing an inner product technique for the same problem, Sahoo et al. [15] successfully employed the vertical eigenfunctions derived from the plate-covered region to make an inner product on the matching boundary and obtained convergent results. While for the case of multiple plates, both of these methods will be dysfunctional. The error function technique [10, 14] is insufficient to figure out results of high precision under acceptable efficiency. The inner product technique [15] by the vertical eigenfunctions of plate-covered region, according to Kohout et al. [13] , will "lead to an ill-conditioned system of equations," and it is even impossible to provide a solvable system, where the number of equations will exceed the number of unknowns, for the boundaries between every two elastic plates. Kohout et al. [13] presented another manner to make an inner product, which is to use the Fourier basis functions to replace the vertical eigenfunctions of Sahoo et al. [15] . Under this definition, the hydrodynamic behavior of arbitrary numbers of elastic plate is solved. Meng and Lu [16] found the vertical eigenfunctions in the free-surface region have eligible performance in making inner products to deal with a matching relation between a region covered by an elastic plate and one with a semi-immersed floating body. For our calculation, with the consideration that the flexural-gravity wave is a variation from conventional free-surface one, we let the physical properties of the plate tend to zero to obtain a set of vertical eigenfunctions of free-surface waves, by which an inner product is defined. An orthogonal relation for this manner is subsequently derived by adding an explicit differential term for the inner product, which exhibits great improvements for the calculation efficiency.
In our problem, the fluid is assumed to be stratified by density, which is a refined approximation to the actual seawater. The fluid stratification has been studied by many authors, for example, Cadby and Linton [17] , Bhattacharjee and Sahoo [18] . In Sec. 2, we formulate wave scattering by two elastic plates floating on a 2-layer fluid. Afterwards, in [13] . The different structures are discussed for single-plate, 2-plate and 4-plate models. The stratification effect is discussed, although it is usually regarded insignificant in the research about the hydrodynamic responses of structures.
After picking several points on a parabolic curve as the density for 4-layer and 8-layer fluid, which is assumed as the real density distribution of the seawater, we found the stratification will have great impact on the shear force of the elastic plate, especially for the middle area of every single plate and the connections. That is a distinct improvement from previous researches. Waves traveling under the regime of thin elastic plates, i.e. flexural-gravity waves, usually exhibit different physical attributes because of the synthetic action of the elastic restoring forces and gravitational forces. We consider a simple situation as shown in Fig. 1 to demonstrate the scattering problem of flexural-gravity waves. A 2-layer fluid is entirely covered by two semi-infinite elastic plates, where the fluid is assumed to be ideal and incompressible, the motion to be irrotational, and the elastic plates to be homogeneous and isotropic. Waves traveling under the regime of elastic plates, i.e. flexural-gravity waves, are commonly caused by the synthetic action of the elastic restoring and gravitational forces. The densities and the thicknesses of the stratified fluid are denoted by ρ m and h m respectively, with m = 1 for the upper layer and m = 2 for the lower one (ρ 1 < ρ 2 ). The physical properties of the elastic plates are permitted to be diverse, thus we introduce D n and M n to denote the flexural rigidity and the mass per unit length respectively, with n = 1 for the left plate and n = 2 for the right one. Given that the immersed depths of thin plates are usually shallow enough to be neglected, we assume the plates adhere to the water surface closely with no cavitation. A right-handed coordinate system is located at the intersecting point of the two plates, then the positions of interface and bottom are dimensioned as z = −h 1 and z = −H, where
The linear potential-flow theory is employed hereinafter. Focusing on a specific fre- quency ω, the motion of the flexural-gravity waves can be described by a velocity potential
, where Φ(x, z) is a complex-valued function with respect to the spatial variables only. In the whole fluid domain, Φ(x, z) obeys the governing equation
The surface displacement of the elastic plates can also be quantified by a similar form,
. On the surface, the interface and the bottom of the fluid, the potential function satisfies the kinematic conditions as follows:
Considering the force balance on the plate-fluid contact plane (z = 0) and the continuity of the pressure on the interface (z = −h 1 ), we can derive the dynamic conditions:
where g is the gravitational acceleration, γ = ρ 1 /ρ 2 and K = ω 2 /g. Depending on what connecting situation is specified at (0, 0), four connection conditions related to the deflections, rotational angles, bending moments, and shear forces of the plates can be found. A unified representation for various situations can be denoted in a consolidated equation of
where
⊺ and E ± are two 4 by 4 matrixes. For a given connecting type, E ± can be obtained readily.
Method of solution
Substituting the general solution of Laplace's equation into Eqs. (3), (4) and (6), we can obtain a piecewise vertical eigenfunction for the 2-layer fluid:
for −h 1 < z < 0 while
for −H < z < −h 1 , where k refers to the wave number and ε = 1 − γ. By using the surface boundary condition Eq. (5), the dispersion relation can be deduced as follows:
For a given ω, we can numerically calculate the wave numbers for each elastic plate region from Eq. (10). The flexural-gravity waves in a 2-layer fluid have four real roots ±k n,0m (m = 1, 2 for surface and interfacial wave modes), two couples of conjugate complex roots ±ik n,j (j = I, II) and infinite numbers of pure imaginary roots ±ik n,j (j = 1, 2, · · · ),
where the first subscript n is employed to discern the different regions and the second one is to denote the sequence of wave modes with 0 m for propagating waves, j = I, II for attenuated or augmented propagating waves and j = 1, 2, · · · for evanescent waves.
In the region x < 0, the potential function consists of two parts, namely incident potential Φ I 1 (x, z) and reflection potential Φ R 1 (x, z), while in x > 0, the potential function only contains the transmission potential Φ T 2 (x, z):
where the subscripts "1" and "2" denote different plate-covered regions. The incident potential should be prescribed as a known constituent to the system, and the reflection and transmission potentials can be expanded according to the wave numbers and far-field conditions,
m and j are the summation sign of m = 1, 2, j = I, II, 1, 2, · · · , respectively. R 1,0m , R 1,j and T 2,0m , T 2,j are respectively the unknown coefficients corresponding to the reflection and transmission modes. The potential functions satisfy the matching conditions for the continuities of pressure and of velocity along x = 0, which lead to
In order to calculate the reflection and transmission coefficients, one appropriate method should be applied to deal with Eq. (15) . Numbers of previous literatures have proposed various techniques to calculate the expansions. For example, Fox and Squire [10, 14] tried to define an error function and used the least square method to compute the coefficients in the case of free-surface waves incoming to a semi-infinite plate. Sahoo et al.
[15] and Xu and Lu [19] adopted inner product methods to calculate the same problem, where the vertical eigenfunction of flexural-gravity waves and free-surface gravity waves were employed for definition, respectively. Khabakhpasheva and Korobkin [5] and Kohout et al. [13] mentioned another manner of making an inner product, in which they replaced the vertical eigenfunctions of Sahoo et al. [15] and Xu and Lu [19] by the Fourier basis functions, and obtained convergent results.
For the problem in this section, between both sides of the matching boundary are all flexural-gravity waves. If we employ the vertical eigenfunctions on either side to make an inner product, it will "lead to an ill-conditioned system of equations" (Kohout et al. [13] ).
Considering that the free-surface waves can be thought of as a limiting case from the flexural-gravity waves, we attempt to employ the vertical eigenfunctions of free-surface waves to define the inner product. This set of vertical eigenfunctions can be derived by artificially degenerating the plate-covered region to a free-surface one after having D n and M n tend to zero. The dispersion relation for the free-surface waves is
For the same ω, we can find four real roots ±k 0m (m = 1, 2) and infinite numbers of pure imaginary roots ±ik i (i = 1, 2, · · · ) for Eq. (16). The two couples of conjugate complex roots for flexural-gravity waves disappear. We write the vertical eigenfunctions of free-surface waves in the form of
The inner product is defined for two vertical eigenfunctions, e.g. U(z) and V (z), as follows:
We employ the vertical eigenfunctions Z p to make an inner product for Eqs. (15) by the sequence of p = 0 1 , 0 2 , 1, 2, · · · , and subsequently two sets of equations are obtained as follows:
For the two sort of vertical eigenfunctions, we can derive an orthogonal relation by adding an explicit differential term, namely
Conspicuously, the calculation will be improved by this explicit expression for the inner product. We truncate the potential functions of Eqs. (12) and (13) at j = S, and then with the help of Eq. (21), Eqs. (19) and (20) can be rewritten in the form of a partitioned matrix equation, as follows:
, and N T 2 are S + 2 by S + 4 matrixes. Every element in these matrixes is related to the inner product by relevant wave numbers, thus we use (p, q) with 
where δ = 1 for q = 0 1 , 0 2 while δ = i for q = I, II, 1, · · · , S. β and β x are (S + 2)-dimensional column vectors, which can be determined in terms of the incident potential:
α R 1 and α T 2 are (S + 4)-dimensional column vectors related to the coefficients to be determined:
By means of the relation between the potential function and the surface displacement in Eq. (2), four additional equations can be obtained from Eq. (7) The vertical eigenfunction V (k, z) is also a piecewise one, each component of which has the form of
where A m and B m are the coefficients that can be derived by A M and B M for the M-th layer and the recursion formula as follows:
with m = 1, · · · , M − 1, t m = tanh kh m , γ m = ρ m /ρ m+1 , and ε m = 1 − γ m . The dispersion relation of the region underneath the n-th plate is denoted by
where C n = kF n − KG n ; m is the multiplication sign of m = 1, 2, · · · , M − 1 for matrix.
The definitions of F n and G n are consistent with those in Eq. 10. When D n and M n tend to zero for a limiting case, we can also obtain the dispersion relation of the freesurface waves in the M-layer fluid. For a given ω, the wave numbers can be sought out empirically. For Eq. (32), we can find 2M real roots ±k n,0m (m = 1, 2, · · · , M), two couples of complex conjugates ±ik n,j (j = I, II) and infinite numbers of pure imaginary roots ±ik n,j (j = 1, 2, · · · ), while for the limiting case, we can find 2M real roots ±k 0m (m = 1, 2, · · · , M) and infinite numbers of pure imaginary roots ±ik i (i = 1, 2, · · · ).
The potential function should be separated as
, (a n−1 < x < a n , n = 1, · · · , N),
where the components are expanded in the series of
with
The definitions of Z 0m , Z i ,Z n,0m , andZ n,j keep the same with Eqs. (14) and (17).
Matching equations
The definition of the inner product for the M-layer fluid is defined by
where we have H 0 = 0 for m = 1. After altering the differential term to
the orthogonal relation presented in Eq. (21) is still practicable for the multi-layer model.
Truncating the series at j = S and taking the vertical eigenfunctions of free-surface waves
to make inner products for each matching boundary, we obtain a matrix equation for the unknown coefficients:
, and N
+ T N+1
are M + S diagonal matrixes. If we use Z p to make an inner product for the potential of free-surface waves, the inner product will be orthogonal for different wave numbers (see Meng and Lu [20] ). The diagonal element is defined as
Tn , and N ± Rn are M + S by M + S + 2 matrixes analogical to the matrixes in Eq. (23). We can also calculate every element by
β and β x are (M + S)-dimensional column vectors related to the incident waves:
The undetermined coefficient vectors are
Additional connection conditions are yet required to complete a closed equation system for the calculation. For the generalized situation, arbitrary forms of the connection conditions are practicable to the group of elastic plates. We choose the elastic torsion joint as a typical instance of connecting types to elaborate the process. Assuming the conditions at x = a 0 and x = a N are free edge conditions and the discontinuity at x = a n (n = 1, 2, · · · , N − 1) is a rotational spring with torsional rigidity J n , we write the conditions as follows:
By applying Eqs. (36) and (37) to Eqs. (58)- (62), we have
(63)
, and E − R N are 2 by M + S + 2 matrixes related to the sequence q, where every column has the form of 
Equations (43) and (63) The formulations for the method above are also appropriate for many other situations after simple and minor modifications. For example, a three-dimensional problem of waves incoming in oblique directions (e.g. Williams and Squire [3] ) can be solved after a decomposition for wave numbers by Snell's law. The simultaneous equations for an infinite ice sheet with undulant topography (e.g. Porter and Porter [21] , Williams and
Squire [2] ) may be obtained as well if one uses a stepwise segmentation to approximate the continuously changing profile of the ice sheet. The inner product technique is very eligible to deal with the matching relations for a problem of linearity, whether in a Cartesian coordinate system or in a polar one. More possibilities should be explored for more sophisticated cases.
CALCULATIONS AND DISCUSSIONS

Convergence Validation
Let ρ 1 , H M and H M /g be respectively the characteristic quantities of density, length and time to transfer the problem to a nondimensionalized system. Given that the oscillations of the group of elastic plates and the connections are conservative, i.e. the mechanical energy have no dissipation, we can deduce an energy conservation relation by use of Green's theorem, which takes the form of
∆ m can be regarded as the residual energy of the incident wave of mode k 0m after being reflected and transmitted to the far field. A positive ∆ m indicates that the remainder part of the energy of k 0m will be transferred to the other modes after scattering, while for a negative one, the wave motion of k 0m will receive energy form the others. The evanescent modes and the group of the plates serve as the agency through the whole course of energy exchange. For a reversible structure floating on an M-layer fluid, Eq. (69) reveals the law of energy transfer between the motions of each wave mode, which is also an effective verification for the convergence of numerical calculations.
As a verification, we compute two elastic plates with a torsion joint floating on a 2-layer fluid, i.e. let M = N = 2. The constants used are
.0001, and γ 1 = 0.9.
The conservation expression ∆ and the relative error ε related to ∆ 1 and ∆ 2 are listed in Tab. 1 as follows. In Tab. 1, ε is define by It is distinct that the method will provide a great converging rate. For a lower frequency, only 5 truncating terms are required to assure the convergence, while for a higher frequency, 25 terms are already sufficient to yield a convincible result. The high computational efficiency can also be checked by considering the continuities of pressure and velocity along each matching boundary, and a coincident rate of convergence must be exhibited.
Result comparison with previous analytical method
We carry out a comparison between the present method and the method of Kohout et al. [13] to validate the correctness of our calculation. Although the inner product technique described in Kohout et al. [13] was employed to study the three-dimensional problem that obliquely incident waves propagate across infinite inhomogeneous ice floes with multiple cracks floating on a uniform fluid, it is also eligible to study an analogous two-dimensional problem. A convincible argument is that the inner product system deals with the matching relations of pressure and of velocity with respect to the vertical direction, and the vertical eigenfunctions will not be affected by different incident angles. Considering the situation of reflection and transmission in Fig. 7 , it is noted that, for a lower frequency, namely ω = 1, the maximum of displacement amplitudes in the region 
Group of elastic plates floating on stratified fluids
The water density of real ocean circumstance is inevitably stratified along the depth due to the unbalanced distribution of temperature and salinity. It is especially obvious in the upper area of seawater, where usually exists a density pycnocline. In order to study the impact of stratification on the mechanical behavior of a group of floating elastic plates, we try to use a parabolic curve to represent the density versus depth in the upper area and use a constant to denote a uniform layer below. By taking several points on the curve as approximation, the discrete hierarchical system for the fluid is established, as shown in Fig. 3 . A 4-layer and an 8-layer fluid are configured for the calculation. 
where the parameter σ is employed to simulate the profile of the curve. Once the stratification is determined by σ, the density of each layer will be obtained. 
CONCLUSIONS
We formulate the scattering problem of flexural-gravity waves across a boundary be- 
